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Abstract, We suggest a logarithmic correlation integral z(x, y) as a good tool for investigating
self-affine and self-similar objects. First, it enables us to extract fractal exponents v, and vy
from one pattern of an chject having any topology. Second, we show that the integral z{x, y)
which completely characterizes 2 monofractal object provides more information on the density
correlation properties of the object than just the exponents v, and v,. We quantify this additional
information by introducing two parameters: 8, characterizing the object’s anisotropy of a non-
scaling nature, and « characterizing the curvature of the logarithmic correlation integral of
the object. We demonstrate that the four parameters: vy, vy, § and x provide an effective
parametrization of the logarithmic correlation integral of a self-affine monofractal object. We
give some examples of self-affine objects, having the same fractal exponents v, and v, but
different parameters § and « indicating the differences in the correlation properties of the objects.
We demonstrate that even a self-similar object showing isotropic sealing (v, = v,) may have the
non-scaling anisotropy parameter & different from zero, which indicates that the object has an
asymmetric integral z{x, ¥) and, therefore, different correlation properties in different directions.
It is shown that the equality x = O outlines a class of objects for which the exponents vy and
vy are not defined uniquely. For instance, such ohjects can be treated as both self-similar and
self-affine. H « is close to zero, estimation of the exponents v, and v, may become problematic.
Relationships connecting the exponents v;, ¥, and fractal dimensions of the projection and cross
section of an object are established.

1. Introduction

Many objects, such as relief vertical cross sections, rivers and river networks, growing
surfaces and interfaces, dendritic structures, trails of Brownian motion and others are self-
affine fractals [1]. Each part of a self-affine object is an image of the whole object (either
strictly or in a statistical sense) scaled differently in different directions. In other words,
if we take a part of the object within an X x Y rectangle and then change X and ¥ in a
certain different way, we will get the same pattern. This finds its mathematical expression
in the relationship

M(X,Y)~ X'/ ~ Yo (1)

where M (X, Y) is the mass of the part of the object within the X x Y rectangle, and v;, v,
are the fractal exponents.

While there are several methods for determination of the fractal dimension of self-
similar objects, methods for determination of the fractal exponents characterizing self-affine
objects seem to be much less developed. The fractal dimension of a self-similar object can
be easily found using one pattern. However, in a general case, e.g. for branched structures,
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one cannot find the fractal exponents v, and v, from one pattern of a self-affine object.
The problem is that the mass M only scales if the sides of the rectangle change in a certain
different way and, in contrast to the self-similar case, we do not know a priori how to
change X and Y because we do not know the ratio v, /vy. We can only state that the mass
within the rectangle scales provided X'/% ~ Y%, Therefore, it seems that if one faces
the problem of determination of the fractal exponents of a natural or simulated self-affine
object using one pattern one would usually fail to do that. An appropriate method has only
been developed for a special case when the self-affine object represents a non-branched line
(e.g. see [2]).

The methods available for studying a general self-affine object do not analyse the
geometry of the object, but rather follow how the mass My of the total object changes
as the sizes X and Yp of the object change. If one has available either an ensemble of the
same type of objects of different size, or the patterns of the object at different stages of
growth, the ensemble or the evolution of the object can be characterized by exponents o,
and a, using the relationship

M (Xo, Yo) ~ Xo/™ ~ v,/ @

We will call o; and ay external exponents, in contrast to the internal exponents v, and
vy which characterize the geometry of the object. As shown in section 2 the internal and
external scaling exponents have different meanings and are not always equal. A method
for extracting the exponents v, and v, from one pattern of a fractal object is developed in
section 3. We also introduce two parameters, § and « which complement the information
contained in the fractal exponents v, and vy, We establish relationships connecting the
exponents v, and vy and fractal dimensions of the projection and cross section of an object.
In section 4 we demonstrate the applicability of the developed method using some fractal
objects for which v, and v, are known theoretically. We show that the estimated values of
v, and v, correspond to the theoretical ones. We also estimate the parameters & and « for
these objects. In section 5 we show the significance of the introduced parameters § and «.
Using these parameters we indicate some types of fractal objects showing rather unexpected
correlation properties. Finally, some conclusions are drawn in section 6.

2. Internal fractal exponents versus external exponents

Since methods for extracting the internal exponents from one pattern of the object are not
available in the general case, external exponents instead of internal ones are often used to
describe the geometry of the object (see, e.g. [3-51). However, this approach supposes that
internal and external exponents are equivalent, We will present theoretical evidence and
two examples demonstrating that this supposition is, generally speaking, wrong.

(i) The external exponents may be different from the internal ones. To compare the
external exponents &, and o, with the internal ones, v; and v,, let us examine a growing
self-similar object as a particular case of a self-affine object. If the size of the object is
R and the mass is M(R), then the mass within the square of size r covering a part of the
object will be m(r, R) = M{(R)(r/R)!/*. f M(R) ~ RV/®, then

m(r, R) ~ RV/a=1/v (3)
The last relationship shows that & = v if and only if m does not depend on R, which
means that the external and the internal exponents are equal when, in the course of its

evolution, the object neither grows nor dissolves inside. If this is not the case, the internal
and external exponents differ.
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Figure 1. One step of a process where growth of an
_=> [ | [ | object in size is accompanied by its internal dissolution.
Due to the dissolution the external exponents oy, = o, =
log 3/ log(64/9) characterizing the process are different
- . - from the intemal fractal exponents vy= vy= log3/log8
describing the geometry of the object.

As an illustration let us build an ensemble of Sierpinsky carpets. Let the first one be
just a square. To build the next carpet we take two steps. At the first step we put together
8 squares to build a regular 3 x 3 Sierpinsky carpet and at the second step we divide the
initial squares in 9 squares and delete the middle one (which corresponds to the dissolution
of the object in the course of its growth)—see figure 1. Repeating this process will give us
an ensemble of Sierpinsky carpets with v,= vy,= log3/log8. However, the mass of each
next carpet will be not 8, but 8 x (8/9) times greater than the mass of the previous one,
and therefore for this process o, = oy = log3/1og(64/9). Clearly, v, and v, are different
from o, and oy in this case.

(ii) In some cases the ensemble of objects or the object growth is characterized by the
external exponents, and the internal exponents of the objects are not defined uniquely at
all. As the simplest case here let us consider compact objects. For example, Scheidegger
river networks obtained by computer simulation are shown to be compact objects and their
ensemble is characterized by the values o, = %,ay = % [3.4]. It is implied (e.g. see the
discussion after (4) in [3]} that these exponents characterize the fractal geometry of the
networks. However, the compactness of a two-dimensional object means that the object is
just a piece of a plane. This, in turn, means that, in contrast to the external exponents ¢, and
a, that characterize the evolution (or the ensemble) of the networks, the internal exponents
characterizing their geometry are not defined uniquely. For example, it is quite obvious that
a piece of a plane can be treated as a self-similar object as well and be characterized by v,=
vy=1/D = 1/2. Tt will be shown formally in section 5 that any fractal exponents satisfying
the relationship v; + v, = 1 describe a compact object. The non-uniqueness of the fractal
exponents v, and v, can arise for non-compact objects too. As shown in section 5 there
exists a class of non-compact fractal objects for which the internal exponents v; and v, are
still not defined uniquely and derive general conditions under which an object falls into this
class (equations (29) and (30)). The internal exponents of such objects are bounded only
by relation (31).

The above theoretical evidence and examples demonstrate clearly that the external
exponents ¢; and «, not only require a set of patterns for their estimation, but, generally
speaking, are something different from the internal exponents v, and v,. Therefore
elaboration of a method that would enable us to extract the internal fractal exponents from
one pattern of an object is highly desirable. Such a method is developed in the next section.

3. Correlation characteristics of self-affine objects

3.1. A method for estimating the fractal exponents v, and v,

Let us write the scaling equation describing a self-affine object in the form

X2 [/b‘; Y2 [/Uy M’Z
= == = —, 4
(Xl) (Yl) M @
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Introducing x =log X, y =1log ¥ and z = log M, we get

oy Tt R i 4
Ux Uy

=Z1—Zi (5)

or
dx d
L AN )
Ux Vy
The function M(X, ¥) is known as the comrelation integral [6). Here by analogy we call
the function z(x, ¥} the logarithmic correlation integral of the object under study.
Equations (5) and (6) describe a cylindric surface z(x, ¥}, i.e. a surface that has constant
derivative in a specific direction (the direction of the cylinder generating line). The second
equality in (6) is true only if the first one is true. Comparing (6) with the equation

az az
—dx + —=dy =d 7
AL Ml )
valid for any values of dx and dy, we obtain
9z 0z
— —=1.
Vy e + vy 5y (8)

The last relationship provides a method for estimating the fractal exponents v, and v, of a
self-affine object. Indeed, having estimated the logarithmic correlation integral z(x, ¥) from
a pattern of the abject (by direct calculation of the mass M (X, ¥) within rectangles of sizes
X x ¥Y), one can calculate the derivatives az(x, y)/9x and 8z(x, y)/8y and use them to find
the values of v, and v,. Ideally, two points {x, y) giving different values of the derivatives
8z(x, y)/3x and 8z(x,y)/dy are sufficient, but for a good estimation it is preferable to
compute the derivatives at all (x, y} points and follow a least-squares estimation technique.
Such a technique is employed in section 4 to extract the fractal exponents from a pattern of
some simulated fractal objects.

3.2. Quantifying the other correlation characteristics of self-affine objects

The solution of {8), as well as of (6}, is

e g L I
2 y) = 2v, + 2y, e (2?},\, Zvy) )
or
M(X, Y) = Xl/:uxylﬂv,g(xl/h, Y-—lﬁu,,) (10)

where w(§) and 2(£) = exp(ew(log £)) are arbitrary fonctions.

Relationship (9) shows that the fractal exponents v; and v, contain only a part of the
information on the correlation properties of a fractal object. The rest of the information is
contained in the function «w(£). Indeed, in section 5 we give an example of fractal objects
having the same values of v, and v, and different correlation properties because their w(§)
functions are different. It can be seen from (6) and (9) that while the fractal exponents v,
and v, determine the direction of the generating line of the cylindric surface z(x, y), the
function w(£) provides the additional information needed to describe the shape of any cross
section of the cylindric surface. Thus, together v,, vy and w(§) completely determine the
shape of the logarithmic correlation integral z(x, y).

Let us study some general features of the behaviour of the function w(§) and z(x, ¥).
The nature of the function M(X,Y) imposes some restrictions on w{£). Indeed, by its
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meaning, the function M(X, ¥} cannot have negative derivatives. As it follows from
(9), the requirements aM(X, Y)/dX > 0 and 3M(X,Y)/8Y > O lead to the inequality
—1 < w(&) < 1. Assuming, that w () does not oscillate at infinity, we find, that it has two
asymptotes, w'(400) and @'(—co). This gives us an important feature of w (&) and of the
z(x, y) surface, namely, that w(£) saturates to two lines at positive and negative infinities,
Le. z{x, y) is composed of two planes {one when & = x/2v, —y/2v, is a large positive value
and the other when it is a large negative value) and an intermediate zone between them.
Since the z(x, y) surface is a cylinder it can be described using only two coordinates
(£, ) in the appropriate coordinate system (£, £, n). We obtain this coordinate system from
the original (x, y,z) by (i) rotating the (x, y, z) system about the z-axis until the y-axis
coincides with the projection of the generating line on the x—y plane, and (ii) rotating the
system about the new x-axis until the y-axis coincides with the generating line. It can
be shown that in this new coordinate system the equation for the logarithmic correlation

integral takes the form
b2 — v} [Vi+ i ., ‘/v§+v§5 i

£+
wouy [l I+ 402 20,7,

As we see, because the ¢-axis coincides with the cylinder generating line, the equation for
the cylinder surface is expressed in terms of & and 5 only. The function n(§) is exactly
what one sees when one views the z(x, y) surface from the direction of the generating line.
Since the £-n plane is orthogonal to the direction of the generating line, it is preferable
to use n(&) instead of w(&) to describe the correlation properties of an object, since these
properties are now not only complementary to the scaling exponents v, and v, (determining
the direction of the generating line of the cylinder), but also independent of them.

Since the z(x, y) surface has two asymptotic planes, its cross section n(§} saturates to
two asymptotic lines. Therefore 5'(£) has two asymptotic values, #'(4+00) and 5'(—oc0).

To quantify the correlation characteristics of a self-affine object, other than the fractal
exponents v, and v, we introduce two parameters

_ 1'(=00) +7'(+00)

&) =

8 2
o wmv L why oo taten (12
2upvy S+ V2402 2upy /14 02+ 02 2
and
_ n'(=00) = i (+00) v+, @/(—oc) — w/(+00) a3

2 2uwy, f1 + v+ 02 2

The value of § characterizes the anisotropy of the cross section of the function z(x, y)
{8 = 0 when the cross section is isotropic), and « is a measure of curvature of the z(x, y)
function (x = 0 when the surface is flat). These two parameters are important characteristics
of a self-affine object. They complement the information contained in the fractal exponents
v, and v,. The parameter & describes a different type of anisotropy of a self-affine object
than the ratio of the scaling exponents vy/vy. In fact, in section 5 we show that even
a self-similar object (v, = v,) may have anisotropic correlation characteristics which is
indicated by § # 0. To distinguish between these two types of anisotropy we coined the
terms scaling anisotropy parameter for v, /vy and non-scaling anisotropy parameter for 8.
Regarding the curvature parameter «, in section 5 we show that if it is equal to zero, ie.
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the cylindric surface z(x, y) degenerates into a plane, the exponents v, and v, of the fractal
object are not defined uniquely.

3.3. Further study of the shape of the surface z(x, y). Connection between the exponents
v, and v, and other characteristics of fractal objects

Let us now find the equations for the plane parts of the surface z{x,y). To do that
we consider the slope of each plane in the x and y directions. By definition of the
function M(X,Y) the derivatives 8z(x,0)/8x and 8z(0, y)/8y are fractal dimensions of
cross sections of the object in the directions of X and Y axes, D, and Dy, respectively. As
shown in the appendix the derivatives 8z(0, ¥)/3x and 9z(x, 0)/8y are correlation fractal
dimensions D [6] of the projections of the object on X and ¥ axes, Dy2 and Dy,
respectively. Putting z{0, 0) = 0 (which is just a matter of normalization of M (X, ¥}) we
get the equations for the two asymptotic planes

Z-(x, y) = Dprax + Doyy (14)
24+(x, ¥) = DexX + Dpyay - (15}
Let us remind the reader that the generalized fractal dimensions D, are

log(3_ p)

= : 1 16

by =0 (g — 1) loge s (e
i log p;

D, = lim 2P118P: (a7

£=>0 log £

Here p; is the fraction of the measure in a box of size £ (in our case it is the fraction of the
object that projects iato an interval of size £). Dy is the fractal dimension of the support of
the measure, [y and D5 are called information and correlation dimensions, respectively.
The relationships (14) and (15} enable us to demonstrate clearly what one gets when
one determines the fractal dimension of a self-affine object: one finds how the mass within
an X x Y rectangle changes as its sides change proportionally to each other. In other
words, one just finds the slope of the section of the plane z(x, y) by the plane y = x +q,
where constant ¢ = log(¥/X). If v, > v, then for positive values of a (¥ > X) the
plane y = x -+ a will only intersect the z-{x, y) plane, while for negative values of a both
z-(x,y) and z.{x, y) planes will be intersected. This creates two slopes, corresponding
to what is called global and local fractal dimensions of a self-affine object Dg and Dy,
correspondingly [8]. Putting ¥ = x + a in (14) and (15), we obtain that for v, > v,

Dg = DpzZ + Dcy (18)
Dy = Dgy2 + Der (19)

It follows from (14), (15) and (8) that for the case Dy = Dpyp = 1 this result coincides
with the expressions Dg = (vy — v + 1)/vy, DL = (e — vy + 1)/v, from [8],

Having substituted (9) in (14) and (15), and differentiated the equations with respect to x
and y one can see that the fractal dimensions of the cross sections and of the projections, Dy,
Dcy and Dpza, Dpyo are connected with the e (&) function by the following relationships:

&' (—o0) = =2v,Dgy + 1 =21, Dpyn — 1 (20)
@' (+00) =21, D, — 1= ~2vy Dpyp + 1 21)

so knowing, say, v, vy, Dpxy and D,y one can easily calculate the parameters & and x
from (12), (13) and (20}, (21).
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Substituting (14) and (15) into (8) we obtain the important relationships
Ve Doy + Uy Dgya = 1 22)
Ux Dpxz + VJ: Dcy = 1 (23)

which can be used for estimation of v, and vy given Doy, Dey, Dpez and Dpyp. For 2
self-similar ohject (22) and (23) give

Dy + Dpyz = Dcy + Dpxz =D (24)

where D is the fractal dimension of the object. We note that the last equation is different
from the equation obtained by Mandelbrot [8]: Doy + Dy = D where Dy, is the
information dimension [6] of the projection on the Y-axis. In the next section we consider
some examples confirming our result (22)—24).

4, Analysis of correlation properties of some fractal obhjects

To illustrate the application of the proposed approach for analysing self-affine objects we
study the correlation properties of three fractal objects whose fractal exponents we know
in advance. The objects are shown in the upper row of figure 2: (a) simulated river
(vx = vy = 0.77), (&) trace of Brownian motion (vy =1, vy = %) and {¢) 3 x 5 Sierpinsky
carpet (v, = log5/log 6 = 0.898, v, = log 3/log 6 = 0.613). (The simulated river channel
shown in figure 2(a) is built by a special type of a self-avoiding walk. If a walking particie
crossed its own trajectory, the formed loop was erased. The final trajectory of a random
walk was regarded as a river. See [2, 9] for details).

Taking advantage of (8) we find the values of the expenents v, and v, for the objects
shown in figure 2{a} and (b)—see figure 3. They are (@) v, = v, = 0.77 and (&) v; = 1.00,
vy = 0.48, in agreement with the theoretical values.

Let us first visualize the surfaces z{x, y) of the objects (see figures 2(a)-(c), bottom
row). Since the functions z{x, y) of fractal objects are cylindric surfaces we can view them
in the direction of the cylinder generating line (see (5) and (6)). In other words, it is possible
to adjust the rotation angle @ about the z-axis and the tilt angle 1 above the x—y plane
from which the surface is viewed to see only the edge of the surface (which is the n(£)
function). It is not difficult to show that the following relationships connecting the angles
and the exponents hold:

tang = v /vy (25)

sin g = (14 v2 + v?)_w2 (26)
or, reversely

vy = singcotyr (27)

v, =cosgpcot i, (28)

The second row of figure 2(a)-(c) shows the surfaces viewed from the angles ¢ and
determined by (25) and (26). It can be seen that z{x, y} really represent cylindric surfaces
and that the angles ¢ and ¥ comrespond to the relationships (25)—(28).

The surface z(x,y) of the Sierpinsky carpets is step-like because of the step-like
procedure of their construction. This produces a large spread in the values of the derivatives
8z/8x and 9z/0y and does not allow us to find its fractal exponents from (8). However,
looking at its z{x, ¥) surface in figure 2(c), middle row, one can see that apart from its
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Figure 2. Fractal objects and their z(x, y) functions: (2} simulated river (v, = v, = 0.77,
d =0, ¢« = 0.27), (b) Brownian motion trace (v; = 1, vy = 172, § = ~0.083, ¥ = 0.417) and
{¢) 3 x 5 Sierpinsky carpet (v, =log5/log6 = 0.898, vy = log3/1log6 = 0.613, § = ~0.038,
x = 0.266), The second row shows the surfaces viewed from the angles ¢ and ¢ determined
by (25) and (26).

0.6 1

0.9 ]
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Figure 3. Estimation of the fractal exponents v, and vy for {(g) simulated river—see figure 2(a},
and (&) trace of Brownizn motion—see figure 2(&). Advantage is taken of (8). The estimated
values are (2) vy = v, = 0.77 and (&) v, =048, v, = 1.00.

step-like form it is a cylindric surface, with the direction of generating line corresponding
to (25)-(28).

As can be seen from {14} and (15) the slopes of the intersection of the z(x, y) surface
with the XZ and Y Z planes are D, and Dy, respectively. Having found these values for
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Table 1. Summary of correlation characteristics vy, vy, § and «, of the fractal objects simulated

in the paper.

Object Figure v, vy vpfuy & 'y
River channel Aa) 0.77 0.77 1 0 027
Trace of Brownian motioin ~ 2(b) 1 0.5 0.5 =0.083 0417
§x3 Sterpinsky carpet 2(c) 0898 04613 04683 —0.038 0.266
3x3 Sjerpinsky carpet 4a) 1 1 1 0 ®.577
3x3 Sierpinsky carpet 4(B) 1 1 I -0.268 0310
3x3 Sierpinsky carpet 4(c) 1 1 1 0 0.040
(a) _ €] (c)

Figure 4. Logarithmic correlation integrals z(x, ¥} of different self-similar Sierpinsky carpets
having fractal dimension D = 1 (bottom figures) and the corresponding generators (top figures).
The deleted parts are marked black, Though the carpets have the same fractal dimension
their correlation properties are different, which is reflected in the difference of their z{x, y)
functions. The asymmetric function z{x, ¥) for the carpet (b) shows that this self-similar fractal
is anisotropic.

the three analysed objects we used (20) and (21) to estimate &'(+00) and @'(—oc0) and then
(12) and (13) to determine the parameters é and « characterizing the anisotropy and the
curvature of their logarithmic correlation integrals z(x, y). The values of the parameters are:
for the river § = 0, « = 0.27, for the trace of Brownian motion § = —0.083, x = 0417,
and for the Sierpinsky carpet § = —0.038, ¥ = (0.266 (see table 1 for a summary). For all
three objects the curvature parameter is significantly different from zero. As will be seen in
the next sectton this is a necessary condition for being able to estimate the fractal exponents
v and v,. The anisotropy parameter 8 is equal to zero for the self-similar object, the river
channel. One could think that a self-similar object is bound to have symmetric correlation
properties and therefore its non-scaling anisotropy parameter § should always be equal to 0.
However, as shown in the next section this is not true.

We make use of the above fractal objects to demonstrate that relationships (22)-(24)
hold. For instance, from the z(x, y) function of the river channel (figure 2{a)) we found
Dpx2 = Dpyz = 0.91 and D, = Dy = 0.39, which are in a good agreement with the fractal
exponents of the channel v, = v, = 0.77 found above. We also projected the picture of
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the river and found the values Dp.y and Dy, directly by calculating the sum from the right
part of (A4). The direct calculation gives Dpzy = Dpya = 0.92, in good agreement with the
values found from the analysis of the function z{x, ¥).

Application of the same procedure to some Sierpinsky carpets confirms the resuits
(22)~24), as well. In these cases we were also able to make sure that the determined
values of the derivatives 8z(0, ¥)/0x agree with the theoretical values of the correlation
dimension Dy, and not with the informative dimension Dy, as implied by Mandelbrot in
[8]. For instance, for the Sierpinsky carpet, shown in figure 4(c) 3z(0, y)/3x = 0.53; the
projection of the carpet and the direct calculation gives the same value. The theoretical
value Dpy = Dpyr = —log(3. pf)/log3 = 0.535, while the informative dimension
Dpy = Dpyy = —(}_ pilogpi)/log3 = 0.579. The dimensions of the cross sections
found from the analysis of the z(x, y) function are D¢y = Doy = 047, 50 Doy + Dpyn = 1,
in agreement with (24).

5. Surprising correlation properties of some fractal ohjects

5.1. A class of fractal objects for which the scaling exponents v, and vy are not defined
uniguely

As pointed out in section 3, having found the values of D, D¢y, Dpys and Dpyo one can
calculate the fractal exponents v; and v, from (22) and (23). However, this system of linear
equations has an infinite set of solutions if the fractal dimensions of the cross sections are
equal to the fractal dimensions of the comresponding projections

Doy = Dygo = Dy (29
Dcy = .Dpﬂ = Dy B (30)

If equations (29) and (30) hold the cylindric swrface z(x, ¥) degenerates into a plane.
Indeed, comparing (13), (20) and (21) with (8) one can easily see that the conditions (29)
and (30) are equivalent to one condition: the curvature parameter ¥ = 0, which means that
the function w{&) is a straight line, i.e. z(x, ¥) is a plane. In this case, equations (22} and
(23) are reduced to one equation

veD, 41Dy =1 (31

having an infinite set of solutions v, and v,. Equations (29) and (30) (or, equivalently, the
condition « = 0} specify a class of fractal objects for which it is impossible to point out a
unique pair of fractal exponents. These objects can be described by any exponents which
are in agreement with (31). In other words, when the surface z(x, y) degenerates into a
plane, the difference between the self-affine and self-similar object disappears and there is
no preferable direction for cutting the surface because the trace is a straight line in any
direction. For instance, a compact object is characterized by Doy = Doy = Dz = Dpya = 1.
Comparing this relationship with (31), we obtain v, 4- v, = 1. This means that a compact
object can be treated as a self-affine one with arbitrary ratio v, /vy, including e.g. v, /vy =1
(self-similar case). The only significant relationship for such an object is that the sum of
the exponents v, and v, is L.

It is important to emphasize that relationships (29) and (30) can also be true for
a non-compact object. For example, the Sierpinsky carpet having a 3 x 5 generator
with four non-empty cells in the corners (see figure 5) has D, = Dy,n = log2/logs5,
Dy = Dpya = log2/1og3, and the only thing one can say about the fractal exponents vy
and v, is that they must satisfy (31).
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Figure 5. For this Sierpinsky carpet (29) and (30) hold, ie. fractal
dimensions of cross sections are equal to the comresponding fractal
-. dimensions of projections (Der = Dpe2 = log2/log5, Doy = Dpya =
log 2/ log 3) and, equivalently, the curvature parameter « = 0. Therefore
its logarithmic correlation integral z(x, y) degenerates into a plane and
there is no unique pair of the exponents v, and vy for this object, Any

pair of the exponents bound by relationship (31} (log2/log S, +
X (log 2/ log 3}wy, = 1 characterizes this object.

As we have seen, the curvature parameter x is an important characteristic of correlation
properties of an object. Indeed, if x = 0, the fractal object can be characterized by an
infinite number of exponents v, and v,. Moreover, even if « 3 0, but is close enough to
zero, that is, the z(x, y) function is flat, the estimation of the fractal exponents may become
impossible (though in this case they exist). For example, if one uses (8) to estimate the
exponents v, and v, one may find that since the surface z(x, y) is not curved enough, the
variations in the true values of the partial derivatives 3z(x, y)/8x and 3z{x, ¥)/8y over the
surface z{x, y) are small and therefore masked by statistical fluctuations.

3.2, Fractal objects having the same scaling exponents vy and vy and different correlation
properties. Anisotropic self-similar objects

We have shown that in some cases one surface z(x, y} can be characterized by different
fractal exponents vx and v,. We will now demonstrate that different surfaces may correspond
io the same exponents. Indeed, Sierpinsky carpets whose generators and comesponding
z(x, y) surfaces are shown in figures 4(a)~(c) have the same fractal exponents v, = vy
= 1/D = . Calculating Dy, as —log(}_ p?)/log3, where p; = n;/n (n; is the number
of non-empty squares in the ith row and = i5 the total nember of non-empty squares
in a generator), and using (12}, (13}, (20) and (21}, we find: (i) Dpyo = Dpy2 = 1,
8 =0, « = 0577, (ii) Dyo = 0.535, Dy = 1, § = =0.268, « = 0.310, and (iii)
Dpyz = Dpya = 0,535, § = 0, « = 0.040. So, objects having the same fractal dimension
may have different parameters « and § and, hence, different surface z(x, y). Moreover, the
example shown in figure 4(&) demonstrates that density correlation characteristics even of
a self-similar object can be different in different directions. This anisotropy is reflected in
the asymmetry of the function z(x, y} and is characterized by the value of the non-scaling
anisotropy parameter § = —(0.268.

6. Conclusion

The approach proposed, based on the study of the logarithmic correlation integral (i) provides
a method for extracting the fractal exponents v, and v, characterizing the geometry of a
self-affine or self-similar object from one pattern only and (ii) permits a better understanding
of the correlation properties of such objects. To the best of cur knowledge no such method
is available in the literature and this may have resulted in the erroneous use of the external
exponents o, and o, (which can be estimated from an ensemble or evolving pattern) for
the description of the geometry of a self-affine object. As demonstrated in this paper the
external and internal exponents are generally not equal, except in the special case that the
object evolves in a way that it neither grows nor dissolves inside. Even in such a case the
sugeested approach enables one to find the external exponents (unless (29} and (30) hold)
and thus, to predict the evolution of the object from one pattern only instead of an ensemble
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of patterns.

Apart from the ability to estimate v, and v, the use of the logarithmic correlation
integral provides more information about the correlation structure of an object than simply
v, and v,. This additional information was quantified by introducing two parameters, one
of them (§) measuring the anisotropy of the object of non-scaling nature and the other
{«) measuring the curvature of the logarithmic correlation integral. Several examples were
presented to illustrate the fact that even self-similar fractals for which v, = vy (i) may
have different correlation properties and (ii) may still exhibit anisotropy in their correlation
structure. The four parameters vy, vy, § and « were connected to fractal dimensions of
projections and cross sections of the object. Conditions under which a fractal object has
non-unique v, and v, parameters were derived.

In this paper our analysis focused on the characterization of a monofractal object.
The same analysis could be applied to a multifractal object to characterize the behaviour
of the first moments only of its correlation structure. However, to fully characterize a
multifractal self-affine object one could introduce a function z(x, y; ¢) where the parameter
g characterizes the order of the moment. Following the same approach as here a reduced
efficient parametrization of a self-affine multifractal object could be obtained in terms of
four functions: v, {g), v,(g), 8(g) and x{(g). This extension is currently under investigation.
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Appendix.

The density comelation function of the object c(X,Y) = &*M(X,Y)/38XdY is the
probability to find a particle at the point (Xp <4 X, Yo + ¥) provided there is a particle
at the point {Xg, Yp). For the lattice model it can be estimated as

1
(X, ¥) == 3 8(Xo, Y)s(Xo+ X, Yo+ ¥) (A1)
X0.Yo

where N is the total number of the particles in the object, §(Xo, Yo) = 1 if there is 2 particle
at the point (X, Yo) and §(Xy, Yo) = 0 otherwise. Hence M (X, ¥) can be estimated as

ch(u V)= —Z Y 8(Xo, YO)EB(XQ +U Y+ V). (A2)

U=pv¥=0 U—UXa Yo

For large values of ¥ so that ¥ = ¥pmac, Where Yomay is the size of the object in the
Y-direction

¥
3 8(Xo+ U, Yo+ V) = Nx(Xo + U) (A3)
V=0

where Nx(Xo+ U) is the number of particles of the object that project onto the lattice point

Xy + U of X-axis. Therefore, for large values of ¥ the function M (X, ¥) can be estimated

as

L1 X
% 222 (Ko, Yo)Nx(Xo+ U) = % Y Nx(X)) ) Nx(Xo+U). (Ad)
=0 Xo U=0

Xy Y
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The right-hand side of the last equation up to a constant coefficient coincides with
the expression for the correlation integral from [7] which in a one-dimensional case is
C(Xy=N"2 ij=1 8(X — | Xp; — Xo;1) where 6(X} is the Heaviside function and X, Xy,
are the coordinates of the particles. The value C(X} is the number of pairs (i, j) whose
distance |Xy; — Xo;| is less then X. When calculating the right-hand side of expression
{A4) one performs the same procedure as when he calculates C(X) for the projection
of the particles of the object on X-axis. As is shown in [6,7], C(X) scales as X7z
In other words, M{(X,Y) ~ XPm and 8z(x, y)/dx = Dpya for ¥ o2 Yomax. Since for
y/v, 3 x/v, the surface z(x, y) is a plane and the derivative dz(x, y)/dx is constant
the equality dz(x, ¥)/dx = Dy is valid not only for y = log ¥p ma. but also for any
¥ 3 (v /v)x.
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