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[1] Stratigraphy preserved in alluvial basins holds important information for
reconstructing past environmental conditions via inversion methodologies. In this paper we
explore, through the use of physical and numerical experiments, the forward problem,
that is, we quantify how the probabilistic structure of the processes that govern the
evolution of depositional systems relates to the probability distribution of the preserved
bed thicknesses. We demonstrate that the extreme variability, as evidenced by heavy-tailed
distribution of the surface elevation increments, largely cancels itself out in the resulting
stratigraphy. Specifically, we show that bed thickness is well described by an exponential
distribution even when erosional and depositional increments characterizing the surface
evolution exhibit heavy-tailed statistics, i.e., large, infrequent events have a significant
chance of occurrence. We attribute this finding to the symmetric nature of the distribution
of elevation increments (both erosional and depositional events) and the additive nature
of the stratigraphic filter. We also show that the variability of surface elevation
increments, as measured by the interquartile range of their probability distribution, has a

robust and well-defined relationship with the preserved mean bed thickness.
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1. Introduction

[2] The accumulation of sediment, even in strongly net
depositional environments, is an unsteady process [Ager,
1993] and in most environments, sedimentation and erosion
rates vary over a wide range of temporal and spatial scales
[Gardner et al., 1987; Paola, 2000; Sadler, 1981]. Changes
in sedimentation/erosion rates, and in particular transitions
between erosion and deposition, are often associated with
lateral and vertical changes in the texture of sedimentary
deposits. This texture in turn results from spatial changes in
grain size of deposited particles and typically marks stratal
boundaries. In one (vertical) dimension, the intervals
between these boundaries define bed thickness, i.e., the
thicknesses of individual strata. In the common case where
change between erosion and deposition is associated with
migrating topography, one would expect some relation
between the statistical properties of the topography and those
of the preserved beds. The purpose of this paper is to inves-
tigate this relationship.

[3] Over the past thirty years studies related to the gener-
ation of stratigraphy in one dimension have primarily
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focused on quantifying the “completeness of time” pre-
served in the stratigraphic record. This line of research ini-
tiated with a paper by Sadler [1981] who found that the
deposition rate decreases as a power law function of the
interval of time over which deposition rate is measured. This
simple yet powerful observation motivated several studies
on the statistical structure of surface elevation increments as
they pertain to the construction of 1D stratigraphic columns
[Jerolmack and Sadler, 2007, Pelletier and Turcotte, 1997,
Schumer and Jerolmack, 2009; Strauss and Sadler, 1989;
Tipper, 1983], mainly using 1D stochastic diffusion models
of sedimentation. While these studies produced significant
advances in our understanding of how time is recorded
within stratigraphy, questions about the distribution of pre-
served bed thickness remain: what dictates the distribution
of bed thicknesses preserved in stratigraphy and how do
measurements of bed thickness (simple to obtain in com-
parison to measurements of deposit age) relate to the nature
of the surfaces that created them?

[4] Several recent studies suggest that the shape, extent,
and distribution of stratal boundaries are not merely functions
of instantaneous paleo-topography, but can be quantified as
functions of three characteristics of the geomorphological
system: 1) the statistics describing the time-variant topogra-
phy of an actively changing surface, 2) the kinematics by
which the surface is changing, and 3) the rate of net deposi-
tion [Martin, 2007; Paola et al., 2009; Strong and Paola,
2008]. While this formulation for quantifying the architec-
ture of stratigraphy is becoming increasingly accepted,
we still lack predictive methods to reconstruct surface
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Figure 1. Schematic diagram illustrating the construction
of a stratigraphic column from elevation increments. Pre-
served stratigraphic beds occur in environments where the
long-term mean of the elevation increments, 04,(f), is posi-
tive. Beds in this study are defined as depositional bodies
bounded above and below by preserved erosional surfaces.

topography from preserved stratigraphy, with only a few
notable exceptions [Endo, 2010; Jerolmack and Mohrig,
2005; Leclair and Bridge, 2001]. The construction of such
inverse predictive methods has the potential to unlock paleo-
surface history stored in the stratigraphic record.

[5] The seminal work by Kolmogorov [1951] on the rela-
tionship between preserved bed thicknesses and the dis-
tributions of the erosional and depositional events that form
them remains one of the most complete quantitative theories
in stratigraphy. In this work, Kolmogorov presented an ana-
lytical derivation of the distribution of bed thicknesses and
showed that it is a truncated distribution whose shape relates
to the distribution of depositional and erosional events in a
given setting. In the Kolmogorov model, the construction of
stratigraphy is attributed to the summation of depositional
and erosional events. A stratigraphic section can be sub-
divided into a series of beds, where a bed is described as a
package of sediment bounded above and below by surfaces
of erosion (Figure 1). This stochastic sequence of deposi-
tional (64, > 0) and erosional events (6%, < 0) produces a set
of beds with varying degrees of stratigraphic completeness.
The frequency distribution of the depositional and erosional
events, f{0h,), which was assumed to be Gaussian in shape by
Kolmogorov [1951], spans over a range of positive and
negative values with occasional extreme events on either
side. As erosion removes material from the stratigraphic
record, the distribution of the preserved sequence of beds,
Dy, is truncated at zero leaving only positive values
(Figure 2). Kolmogorov showed that the probability density
of preserved bed thickness, f{Dy;), can be related to the
distribution of depositional and erosional events, f{64.), by
ADy) = fl6h.)/K,., where K, is termed the Kolmogorov
coefficient that takes a value between 0 and 1. The dimen-
sionless Kolmogorov coefficient represents the long-term
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fraction of depositional events preserved in a given alluvial
basin. Following this work, Dacey [1979] proposed a deri-
vation relating the thickness of beds to incremental elevation
changes. In this work, Dacey provided a derivation for an
exponential distribution of bed thicknesses from exponen-
tially distributed depositional and erosional increments.

[6] As elegant as Kolmogorov’s [1951] theory is, it is
based on the statistics of erosional and depositional events,
not on the statistics of topography itself. Hence Paola and
Borgman [1991] proposed a method that directly linked
preserved bed thickness to topography. Their method yielded
an analytical relation between the variance of topography
and the probability density function (PDF) of bed thickness,
but only in the case when net rate of deposition was zero,
and only for exponential-type topographic PDFs. Our spe-
cific goal in this paper is to extend this line of work to the
full range of topographic PDFs and rates of net deposition,
as a step toward advancing our quantitative ability of
inverting bed thickness statistics for information about
paleotopography.

[7] While only a few studies examine quantitatively the
link between surface elevation increments and bed thickness
statistics, several field studies have examined the statistical
distribution of preserved bed thickness. For example,
Rothman et al. [1994] presented measurements of turbidite
bed thicknesses and reported that these are well described by
a power law distribution, while data presented by Talling
[2001] and Sylvester [2007] were best fit by lognormal dis-
tributions. Critical to the discussion of bed thickness dis-
tributions is the definition of a bed itself. Spatial changes in
the texture of sedimentary sections can result from a range of
processes. For example, in environments with frequent
alternation between erosion and deposition, textural hor-
izons bounding deposits are often associated with uncon-
formities (i.e., erosional boundaries) and the boundaries
result from alternation of erosion and deposition. We term

Frequency‘

Figure 2. Kolmogorov’s model of truncated bed thickness
distributions. In Kolmogorov’s model the frequency distri-
bution, f{6h,), of both depositional and erosional events
spans a negative (erosion) to positive (deposition) range.
Because erosion removes material from the stratigraphic
record, the resulting distribution of bed thicknesses spans
only positive values and is thus a left-side truncated fre-
quency distribution, f{Dy;) of bed thicknesses, and has a form
that is related through the Kolmogorov coefficient to the
positive-value side of f{64,).
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these beds “unconformity-bounded beds.” In comparison,
textural horizons bounding deposits of purely depositional
flows are also possible; for example, in purely depositional
turbidity currents, beds are primarily associated with the
stacking of coarse sediment from deposition by the body of
one flow on top of fine grain sediment deposited by the tail
of a preceding turbidity current [e.g., Bailey and Smith,
2010; Carlson and Grotzinger, 2001; Pirmez et al., 1997;
Rothman et al., 1994; Sinclair and Cowie, 2003]. The dif-
ferences between the two bed definitions above have
implications for how one inverts bed thickness distributions
for paleo-surface dynamics. The latter case, for convenience
termed a “paraconformity-bounded bed,” bed thicknesses
can easily be mapped to the elevation increments that
formed them as the full time sequence of elevations is pre-
served in the depositional record. The PDF of bed thickness
in the paraconformity-bounded case cannot differ from the
PDF of elevation fluctuations, so for instance a power law
distribution of purely depositional turbidite bed thicknesses
implies a power law distribution of the size/duration of
individual turbidity current events. Other settings prone to
the production of paraconformity-bounded beds include
regions with rapid lithification and high resistance to ero-
sion, such as peritidal carbonate settings [Drummond and
Dugan, 1999]. The relationship between unconformity
bounded beds and the elevation fluctuations that formed
them is more difficult to assess due to the removal of sedi-
ment during incision. Several studies that define beds as
deposits bounded by erosional surfaces report exponential
distributions for bed thicknesses in a range of environmental
settings and for a range of spatial scales [Beeden, 1983;
Drummond and Wilkinson, 1996; Mizutani and Hattori,
1972; Muto, 1995]. In the remainder of this paper we will
explore only the unconformity-bounded beds and their
relationship to surface elevation increments.

[8] While bed thickness measurements from stratigraphic
records are ample and can be used to characterize their
probability distribution, measurements of the elevation
increments or surface morphodynamics that created those
bed thicknesses are rare at best. This is in part due to the
difficulty of obtaining time series of elevations long enough
to characterize large-magnitude, low-frequency events (e.g.,
avulsions). As such, we lack enough data from natural sys-
tems to determine even the general family (e.g., exponential,
power law, etc.) of distributions that best describe elevation
increments in alluvial basins and other environments. It is
noted that the Kolmogorov [1951] model uses a Gaussian
distribution while the work of Dacey [1979] uses an expo-
nential distribution for elevation increments to derive the
distribution of the preserved bed thickness. However, sev-
eral recent sediment transport studies have reported heavy-
tailed distributions for sediment transport and elevation
fluctuations both in river morphodynamics and in hillslope
and coupled river-hillslope systems [Foufoula-Georgiou
et al., 2010; Ganti et al., 2010; Stark et al., 2009]. In this
paper we use data from a physical experiment on a fluvial
system in an experimental basin experiencing relative sub-
sidence to characterize the statistics associated with the
fluvial dynamics occurring over a range of time-scales and
relate these surface statistics to the resulting bed thickness
distributions. During this experiment, elevation was moni-
tored at a temporal frequency comparable to the time-scale
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of the system’s “meso-scale dynamics” [Paola, 2000; Sheets
et al., 2002] and over a duration long enough to generate
reliable statistics on the magnitude of elevation increments.
In a recent paper, Ganti et al. [2011] used data from this
experiment to quantify, for the first time, heavy-tailed sta-
tistics in the surface dynamics of aggrading deltas. That
study raised the question as to why so many observations
from field scale stratigraphy show exponential PDFs for bed
thickness despite the possible heavy-tailed statistics of sur-
face topography. In this paper we further probe into this
question and demonstrate via analysis of the experimental
data and extensive numerical simulations the reasons and
conditions under which extreme fluctuations in bed eleva-
tion series (e.g., abrupt and large erosional and depositional
events) do not get recorded in the stratigraphic record. We
also provide a relationship between the preserved mean bed
thickness and the variability of the bed elevation increments
and show that this relationship remains robust under differ-
ent probabilistic structures of the alluvial surface dynamics.
We propose the interquartile range (defined as the difference
between the 75th and 25th quartile of the bed elevation
fluctuations) as the proper measure of variability since the
heavy-tailed power law distribution of elevation increments
suggests theoretical distributions for which the standard
variance (second moment around the mean) might not
always be properly defined.

2. Experimental Methods

2.1.

[v9] The experiment discussed here (DB-03) was per-
formed and originally documented by Sheets et al. [2007].
The main focus of the work of Sheets et al. [2007] was
documenting the creation and preservation of channel-form
sand bodies in alluvial systems. Since this initial publication,
data from the DB-03 experiment have been used in studies
on compensational stacking of sedimentary deposits [Straub
et al., 2009] and clustering of sand bodies in fluvial stratig-
raphy [Hajek et al., 2010]. In this section we provide a short
description of the experimental setup. For a more detailed
description see Sheets et al. [2007].

[10] The motivation for the DB-03 experiment was to
obtain detailed records of fluvial processes, topographic
evolution and stratigraphy, with sufficient spatial and tem-
poral resolution to observe and quantify the formation of
channel sand bodies. The experiment was performed in the
Delta Basin at St. Anthony Falls Laboratory at the Univer-
sity of Minnesota. This basin is 5 m by 5 m and 0.61 m deep
(Figure 3). Accommodation is created in the Delta Basin by
slowly increasing base level by way of a siphon-based ocean
controller. This system allows for the control of base level
with mm-scale precision [Sheets et al., 2007].

[11] The experiment included an initial buildout phase in
which sediment and water were mixed in a funnel and fed
into one corner of the basin while base-level remained con-
stant. The delta was allowed to prograde into the basin and
produced an approximately radially symmetrical fluvial
system. After the system prograded 2.5 m from source to
shoreline a base-level rise was initiated. Subsidence in the
Delta Basin was simulated via a gradual rise in base level, at
a rate equal to the total sediment discharge divided by the
desired fluvial system area. This sediment feed rate allowed

Description of the Experiment
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Figure 3. Schematic diagram and photograph of the Delta
Basin facility and DB-03 experiment. (a) Position of the
topographic transects is indicated by a solid black line on
the fluvial surface. Note that the base-level control drain is
in the opposite corner of the basin from the infeed point.
(b) Photograph taken approximately 15.0 h in the DB-03
experiment. System is approximately 2.5 m in length from
source (back center) to shoreline. Topographic measure-
ments were taken along laser sheet line located 1.75 m from
sediment source.

the shoreline to be maintained at an approximately constant
location through the course of the experiment. A photograph
of the experimental set-up is shown in Figure 3. Sheets et al.
[2007] used a sediment mixture of 70% 120 pm silica sand
and 30% bimodal (190 gm and 460 pm) anthracite coal.
[12] Topographic measurements were taken following a
well established protocol prototyped at the Experimental
Earthscape Basin (XES) using a sub-aerial laser topography
scanning system [Sheets et al., 2002]. Unlike the XES sys-
tem, however, where the topography of the entire fluvial
surface is mapped periodically, topography was monitored
at 2 min intervals along a flow-perpendicular transect
located 1.75 m from the infeed point. A time series of

STRAUB ET AL.: EXPONENTIAL BED THICKNESS DISTRIBUTIONS

F02003

deposition along this transect is shown in Figure 4. This
system provided measurements with a data-sampling inter-
val of 0.8 mm in the horizontal and with a measurement
precision of 0.9 mm in the vertical. The experiment lasted
30 h and produced an average of 0.2 m of stratigraphy. Upon
completion of the experiment, the deposit was sectioned and
imaged at the topographic strike transect. This allows direct
comparison of the preserved stratigraphy to the elevation
increments that generated the stratigraphy.

[13] No attempt was made to formally scale the results
from this experiment to field scale, nor were the experi-
mental parameters set to produce an analog to any particular
field case. Rather, the goal of the experiment was to create a
self-organized, distributary depositional system in which
many of the processes characteristic of larger depositional
channel systems could be monitored in detail over spatial
and temporal scales which are impossible to obtain in the
field. The rationale for such experiments is discussed in
detail by Paola et al. [2009]. As discussed earlier, the focus
of the present study is on identifying the general class of
distributions (i.e., heavy versus thin tail) that characterize the
kinematics of topography in the DB-03 experiment and
explore their relationship to the architecture of the preserved
stratigraphy.

2.2. Definitions and Data Analysis

[14] At any spatial location on the topographic line where
elevation was monitored (see Figure 5) we define elevation
increments in time as:

6hi(t) = h(t + At) — h(z) (1)

Where A(7) is the elevation at time ¢ at a given location and
At is the temporal resolution of the experimental data. We
recognize positive values of elevation increments as mag-
nitudes of deposition and negative values as magnitudes of
erosion:

(2a)

E = 6h,(t) <0 (Zb)
It is worth noting that the general form of (2a) and (2b) does
not distinguish between deposition and erosion related to
sediment dynamics versus tectonic environment. Let us now
define the durations of continuous deposition, #;, as unin-
terrupted periods for which 64,(f) > 0, and the durations of
erosional events, #,, as uninterrupted periods for which
Oh(f) < 0. Further, let us define the magnitude of the depo-
sitional (D,) and erosional events (E,), collectively denoted
by 6h.(?), as the sum of all the elevation increments over a
duration where the sign of 6/4,(f) remains unchanged, that is,
the depositional events D, and erosional events E, are
defined as:

la
D, = ZDi
i=1

L

E =) E

i=1
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Figure 4. Data defining evolution of topography and surface dynamics calculated from topographic sur-
veys for the DB-03 experiment along a transect oriented approximately perpendicular to the dominant
flow direction, 1.75 m from infeed point. (a) Space time plot of sequential delta-top profiles shown every
120 s. (b) Example of time series of topography measured at a single location, roughly located in the cen-
ter of the topographic survey. (¢) PDF of 6/,(f) shown in both semi-log and log-log plots. PDF built from
ensemble of all time transects in Figure 4a. Linear decay of depositional and erosional increments in log-
log space suggests power law distribution. (d) PDFs of ¢; and ¢, shown in semi-log plots. Linear decay of
durations of deposition and erosion in semi-log space suggest thin-tailed distribution.

collectively denoted as:

he(t) = {De, E.} (4)

It is noted that the magnitudes of depositional and erosional
events as defined above can be seen as derived variables that
result as the random sums of random variables. Finally, as in
the Kolmogorov [1951] analysis, the bed thickness, Dy, is
defined as the sediment thickness between two successive
preserved surfaces of erosion. Figures 1 and 5 illustrate the
definition of random variables (64,(f), D,, E,, ty t,, 6h(t), D).

The statistical characteristics of these random variables are
examined in the next section.

3. Experimental Results

[15] In this section we summarize the statistics that char-
acterize the surface dynamics of the DB-03 experiment [see
also Ganti et al., 2011] and also provide a detailed statistical
characterization of the thicknesses of beds of both the con-
structed stratigraphy (using the surface elevation series) and
the physical stratigraphy (extracted from the preserved
stratigraphic sections) that resulted from this experiment. All
the statistics presented in section 3 were computed on the
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Figure 5. Schematic diagram illustrating the variables and
time-sequence of events associated with constructing a strati-
graphic bed. Deposition that follows an erosional event
occurs as a sequence of continuous depositional increments,
D;, over a duration, #,, Combined these depositional incre-
ments make up a depositional event, D,. Either immediately
following this deposition, or after some duration of inactivity,
t;, a sequence of continuous erosional increments, E;, over
duration, #,, occur. Combined these erosional increments
make up an erosional event, E,.

ensemble of time series along the topographic transect
referenced in Figure 3 and the total number of time transects
available was 2502, each for a duration of 30 h.

3.1.

[16] Using the definition of elevation increments, 64,(f)
(equation (1)), we constructed a probability density function
(PDF) of all increments at each measurement location along
the transect at x = 1.75 m (Figure 3). Figure 4c shows the
empirical PDF for these data in both semi-log and log-log
plots. The concave up nature of both the positive and nega-
tive elevation increments in the semi-log plot and the linear
decay of both depositional and erosional increments in the
log-log plot suggest that the magnitudes of deposition and
erosion (D; and E)), are best characterized by heavy-tailed
(power law) statistics. In contrast to thin-tailed PDFs, where
the chance of occurrence of an extreme event is vanishingly
small, in heavy-tailed PDFs an extreme event has a small but
significant chance of occurrence. Heavy-tailed PDFs have a
power law decay which is a slower decay than exponential. In
most natural processes, system constraints impose an upper
bound in the values of the variables of interest and require the
need for the use of truncated power law distributions. Such a
distribution is the truncated Pareto distribution defined as:

Statistics of Surface Evolution

B a,yax—a—l
S(x) = T= (/0 (5)

Where v is the truncation parameter or the upper bound on
the random variable, « is the tail index, and ~y is the lower
bound on the random variable x. The tail index o quantifies
the probability of extreme events with a smaller value of «
indicating a heavier tail and thus a higher chance of an
extreme event. Ganti et al. [2011] reported that the truncated
Pareto distribution provides a good fit to the experimental
data of magnitudes of deposition and erosion, D; and E;, with
estimated tail parameters &; = 2.41 and &, = 1.1, respec-
tively. The estimated upper bound for both of these PDFs
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was found to be 35 mm, coinciding with the independently
estimated approximate maximum channel depth measured
during this experiment, and the estimated lower bounds were
found to be 4, = 2.0 mm and 4, = 0.3 mm, respectively, for
magnitudes of deposition and erosion.

[17] The durations of the depositional and erosional
events, ¢, and ¢,, respectively, were computed from the sur-
face elevation increment series and their PDFs are presented
in Figure 4d. Unlike the elevation increments that were
found to exhibit heavy-tails, the durations of deposition and
erosion exhibit thin-tailed PDFs and were well approximated
by an exponential distribution:

fx) = e (6)
Where ) is the decay rate parameter, which is also equal to
the inverse of the distribution’s mean. The scale parameters
that gave the best fits for the PDFs of the durations of
deposition and erosion were Ai = 2.6 min and /\L = 2.2 min,

7l te
respectively. The observation that the estimated means of
durations of depositional and erosional events are only
slightly greater than the sampling resolution of our data
(2 min) suggests that some alternations between erosion and
deposition and vice versa that occurred in our experiment at
scales smaller than the recording interval of 2 min might not
have been captured in our elevation time series. This is a
direct consequence of the documented multifractal structure
of the surface elevation evolution of the deltaic surface
[Ganti et al., 2011]. It was shown in that study that the zeros
(periods of inactivity) in the series of elevation increments
are present at all scales, which implies that the alternations
between erosion to inactivity or deposition to inactivity and
vice versa, would occur at all scales of observation of the
system. Thus, this forces the estimation of statistics of
durations of depositional and erosional events to be scale-
dependent. It is important to note that though the statistical
structure of the length of zeros (periods of inactivity) in the
elevation increments imply a scale-dependent estimated time
statistics, it does not affect the preserved bed thicknesses as
the periods of inactivity do not contribute to the creation of
a stratigraphic column.

[18] Taken together, the random variables D;, E,, t;, and ¢,
are sufficient to estimate the magnitudes of depositional and
erosional events, D, and E, respectively (using equation (3a)
and (3b)). Combined, these random sums of elevation
increments, when the vertical extents of both continuous
erosional and depositional events are treated separately, form
Ohy(t) (see equation (4)) as defined by Kolmogorov [1951].
However, while Kolmogorov assumed a Gaussian distribu-
tion for 6h.(f), Ganti et al. [2011] found that the PDFs of
depositional and erosional events, D, and E, (which together
form 6h(¢)), are well fit by truncated Pareto distributions.
The tail indices of the best fit truncated Pareto distributions
for depositional and erosional events were &= 3.3 and
ah = 3.0, respectively. We can see that the distributions of
depositional and erosional events have thinner tails (higher
tail indexes or faster decay) than their parent distributions,
D, and E;, respectively. The tail thinning effect during the
conversion of elevation increments 64:(¢f) to depositional
and erosional events 6/4.(f) is expected as a result of weak
convergence of truncated heavy-tailed random variables to
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topographic surveys for the DB-03 experiment along a transect that is oriented approximately perpendic-
ular to the dominant flow direction, 1.75 m from infeed point. (a) Comparison of the distributions of
Kolmogorov events, 64.(f), and resulting bed thicknesses. (b) PDF of Dj; shown in both semi-log and
log-log plots. Linear decay of bed thicknesses in semi-log space suggests exponential distribution.

the Central Limit Theorem, in effect filtering out some of
the heavy-tailed surface evolution statistics.

3.2. Statistics of Preserved Stratigraphy

[19] The thickness of beds preserved in the stratigraphic
columns was calculated in two different ways: 1) con-
structed from the topographic data collected during the
experiment (termed Dy,), and 2) directly measured from the
digital images of the preserved stratigraphy available after
sectioning the final deposit (termed D5;). A comparison of
the statistics of these two independently estimated variables
tests the degree to which our definition of a bed as a package
of sediment bounded by erosional surfaces translates to
features readily identifiable by textural changes in the
deposit.

[20] Bed thicknesses, Dj;, were constructed from the ele-
vation measurements as outlined schematically in Figure 1.
At each spatial location, the elevations of all preserved ero-
sional boundaries were first identified and then the thick-
nesses of sediment bounded by those preserved erosional
surfaces were calculated. The probability density function of
the preserved bed thickness, D, in both semi-log and log-
log plots is shown in Figure 6b. Unlike the increments of
deposition and erosion discussed above, the thickness of
beds exhibits a thin-tailed PDF. Figure 6b shows that an
exponential distribution with mean (D¢,) = 8.3 mm provides
a good fit to the calculated bed thicknesses.

[21] Bed thicknesses, Dj,, were computed from the images
of preserved stratigraphy using the high optical contrast
between the white quartz grains and black anthracite grains.
The difference in density (quartz: 2650 kg/m® versus
anthracite: 1700 kg/m®) results in differences in their relative
mobility, that is, the lighter anthracite particles tend to be
more mobile than the quartz grains and are therefore a proxy

for fine sediment. This difference in mobility is recorded in
the deposit where the coal and quartz often form distinct
depositional bodies, such as channel fills and lobes [Sheets
et al., 2007], and develop textural boundaries between
white and black sediment which can be used as bed bound-
aries. Using undistorted images of the physical stratigraphy
(Figure 7a) we generated stratigraphic panels with a binary
identification scheme. Using a threshold luminosity value
we separated anthracite deposits from quartz deposits. The
threshold value used for this operation was picked by iden-
tifying a value that on visual inspection appeared to correctly
separate the deposit types. Using these binary images
(Figure 7b) we measured bed thicknesses from the stratig-
raphy, Dy,, as uninterrupted vertical sequences of pixels of a
single grain type (i.e., either only white or only black). The
probability density function of preserved bed thickness, Dy,
is shown in semi-log space in Figure 7c. Similar to the PDF
of D¢, estimated from the surface elevation measurements,
the PDF of Dj, estimated from the physical stratigraphy
is close to exponential with an estimated mean, (D), of
9.5 mm. Importantly, we note that the two distributions of
bed thickness, one theoretical, and one measured, both
demonstrate that the heavy-tailed statistics of deposition and
erosion that characterize the surface evolution are not pre-
served in the stratigraphy.

[22] We emphasize that the theory of Kolmogorov [1951]
used the surface elevation time series to construct the pre-
served bed thicknesses. This is not the same as extracting
bed thicknesses from physical stratigraphy as the observable
stratal boundaries are not exactly equivalent to the definition
of bed boundaries as defined by Ko/mogorov [1951]: not all
visible stratal boundaries are erosional, and not all erosional
boundaries result in a change of sediment type. Rather, the
boundaries we mapped represent a straightforward class of
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Figure 7. Information defining distribution of bed thicknesses for DB-03 experiment generated from
images of physical stratigraphy. (a) Photograph of approximately 0.14 m of stratigraphy generated during
DB-03 experiment. Stratigraphic section is located approximately 1.75 m from source. (b) Facies map of
stratigraphy where white pixels represent quartz deposits and black pixels represent coal deposits. Quartz
and coal deposits were identified through threshold luminosity analysis outlined in section 4.2. (c) PDF of
Dj, shown in semi-log space generated from deposit facies map. Linear decay of bed thicknesses in semi-

log space suggests exponential distribution.

bed boundaries one might map in the field. A pleasing result
of our analysis is the agreement between the constructed and
physical stratigraphy statistics giving more confidence in
applying the analytical results of Kolmogorov [1951] and
other studies which use elevation series to define preserved
bed thickness. In the next section we use stratigraphic col-
umns synthetically generated from different families of
parent distributions for elevation increments to explore the
generality of the experimental results and also to explore the
connection between surface evolution statistics and pre-
served stratigraphy statistics in different scenarios.

4. Results From Stochastic Sedimentation Models
4.1.

[23] The analysis of surface morphodynamics and the
preserved stratigraphy statistics presented in the previous
section suggest that heavy-tailed distributions of surface
evolution do not necessarily translate to heavy-tailed dis-
tributions of bed thickness in strata. How general is this
result, and are there conditions in which heavy-tails in sur-
face elevation increments can be transferred into the strati-
graphic record? We explore these questions using a series of
stratigraphic columns constructed from stochastically gen-
erated surfaces of sedimentation and erosion (referred to as
“synthetic stratigraphic columns”). Several studies have
explored the relationship between stochastic models for sur-
face evolution and the synthetic stratigraphy that they gen-
erate [Molchan and Turcotte, 2002; Muto, 1995; Pelletier
and Turcotte, 1997; Schwarzacher, 1975; Strauss and
Sadler, 1989], but no study, to the best of our knowledge,
has quantified the effect of heavy-tailed surface elevation
increments on the preserved stratigraphy. The advantages of
constructing preserved stratigraphic columns from stochas-
tically generated surface elevation series include the ability to

Stochastic Models of Surface Elevation Evolution

explore many physical scenarios for which data are not
available and the ability to produce long time series where the
shapes of resulting distributions can be confidently inter-
preted. Such analyses allow us to examine the generality and
validity of inferences made from our experimental discretely
sampled elevation time series.

[24] We use a 1D model of erosion and sedimentation
based on a random-walk formulation that assumes indepen-
dent magnitudes of erosion and deposition. The magnitudes
of erosion and deposition, 6/,(f), are assumed to be sampled
from a symmetric distribution with thin- or heavy-tails.
Specifically, given the concentrated mass at zero (significant
chance of having zero or close to zero magnitudes) found
from the analysis of experimental data [see also Ganti et al.,
2011] we assume that the surface elevation increments, 6/;,
come from either a Laplace distribution (in the case of
thin-tails) or a double Pareto distribution (in the case of
heavy-tails). The Laplace distribution, also called a double
exponential distribution, is given by

. 1 (L]
S (@) = 5pe-77) ™
Where b is the scale parameter of the distribution and p is
the location parameter (or the mean of the distribution). The
double Pareto distribution is given by

e}

f(6n;) = Q(S}/:T:’ when 6h; > p (8a)

«

f(oh) = a when 8h; < 1 (8b)

(2 — 6h;)* !

where p is the mean of the distribution and « is the tail-
index.
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Figure 8. Comparison of results from (a, b) 1D numerical models of surface evolution and resulting stra-
tigraphy associated with exponentially distributed elevation fluctuations and (c, d) power law distributed
elevation fluctuations. (Figure 8a) Input PDF of 0%,(f) generated from a Laplace distribution of elevation
fluctuations with » = 4.1 and p = 0.3. (Figure 8b) PDF of Dj; shown in both semi-log and log-log plots.
Linear decay of bed thicknesses in semi-log space suggests exponential distribution. (Figure 8c) Input
PDF of 6ht) generated from a double Pareto distribution of mean = 0.3 and « = 1.5. (Figure 8d) PDF
of Dg, shown in both semi-log and log-log plots. Linear decay of bed thicknesses in semi-log space sug-
gests exponential distribution. Distributions for both scenarios were generated from model time series with

100,000 elevation increments.

[25] After generating time series of elevation increments
resulting from the above two 1D random-walk models, local
preserved minima can be identified and bed thicknesses
calculated. A summary of the statistics of preserved strati-
graphic columns constructed from the stochastically gener-
ated surface elevation series is presented in the next
subsection.

4.2. Statistics of the Constructed Stratigraphic
Columns

[26] As a first step in quantifying the relationship between
a parent distribution of elevation increments, 6/,(f), and

preserved bed thicknesses, D, we compare the distribution
of beds constructed from symmetric, positive mean, thin-
tailed distributions of elevation increments (equation (7)) to
those constructed from symmetric, positive mean, heavy-
tailed distributions of elevation increments (equation (8)) for
a range of parameters of these distributions. Examples of the
distributions of 6A,(f), Dy, t4 t.,0h.(t) associated with our
thin-tailed and heavy-tailed elevation increments are shown
in Figures 8 and 9. For all scenarios explored, we find that:
(1) the distribution of Kolmogorov events, 6/.(f), show an
exponential-type of decay in their tails (thin-tailed) irre-
spective of the nature of the distribution of elevation
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Figure 9. Comparison of results from (a, b) 1D numerical models of surface evolution and resulting stra-
tigraphy associated with exponentially distributed elevation fluctuations and (c, d) power law distributed
elevation fluctuations. (Figure 9a) PDF of ¢, and ¢, shown in semi-log space and generated from distribu-
tion of elevation increments presented in Figure 8a. (Figure 9b) Distribution of Kolmogorov elevation
events, 6h,(f), and resulting bed thicknesses, Dj;. (Figure 9¢) PDF of #; and ¢, shown in semi-log space
and generated from distribution of elevation increments presented in Figure 8c. (Figure 9d) Distribution
of Kolmogorov elevation events, 6/.(¢), and resulting bed thicknesses, Ds;.

increments, 64,(f) (Figures 9b and 9d), (2) the distributions
of durations of depositional and erosional events (¢, and ¢,)
are always well approximated by thin-tailed distributions,
and (3) the resulting bed thicknesses, Dy, are best described
by exponential distributions (Figures 8b and 8d). The out-
come of our numerical experiments shows specifically how
the process of constructing stratigraphic beds from elevation
fluctuations in net depositional settings is associated with a
filtering of the information contained within the tails of
elevation increments distributions.

5. Discussion

[27] As was shown in the previous section, the heavy-
tailed statistics of surface evolution do not always get pre-
served in the bed thickness statistics. In this section, we will

probe further into how the interplay between the probabi-
listic structure (i.e., thin-tailed versus heavy-tailed) of the
magnitudes of deposition and erosion and the durations of
depositional and erosional events effect the distribution of
preserved bed thickness. In the remainder of the manuscript,
for the simplicity of notation, we denote any two random
variables to have a symmetric distribution if they have the
same nature of decay in their tails (i.e., exponential, thin-
tailed versus power law, heavy-tailed).

5.1.

[28] An interesting characteristic of both the experimental
data and the stochastic surface elevation models described so
far is the symmetrical nature of the distributions of the ero-
sional and depositional events, 64.(f), and the durations of
depositional and erosional events, 7; and ¢,. To analyze the

Influence of Symmetry of the Topographic PDF
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importance of this symmetry for the resulting distributions of
bed thicknesses, we compare distributions of bed thickness
that result from symmetrical and asymmetrical parent dis-
tributions of magnitudes of deposition and erosion. In this
exercise, rather than constructing synthetic stratigraphic
columns from random-walk models of surface elevation
increments, we directly generate beds using the difference
between the two random variables, depositional events (D,)
and erosional events (£,), which are in effect random sums
of elevation increments, D; and E;:

171 te
Dy=3 D=k ©)
i=1 i=1

It is worth noting that the bed thicknesses calculated using
equation (9) are an approximation of the bed thicknesses
constructed from the surface evolution, as this equation takes
into account only the erosional thinning of depositional
events by the next subsequent erosional event, and not the
erosional thinning that could possibly occur due to large
magnitude events that could have occurred later in a time
series. While equation (9) produces only an approximation
of bed thickness distributions resulting from a random-walk
model of surface elevation evolution, the advantage of using
it is that it allows independent control of the distributions of
D;, E;, t; and t,. In this subsection, we investigate the
influence of the symmetric versus asymmetric nature of the
distribution of elevation increments and the distributions of
the durations of depositional and erosional events on the
resulting bed thickness distribution. First, we use equation
(9) to generate distributions of bed thickness for scenarios
in which both elevation increments, 64,(¢), and the durations
of depositional and erosional events, 7; and ., have sym-
metrical distributions, as has been the case for our experi-
mental data and the numerical simulations. Our simulation
results demonstrate that, regardless of the shape of the input
distributions for 6A,(f) and ¢, t, (i.e., thin-tailed versus
heavy-tailed), the bed thickness distributions computed
using equation (9) are exponentially distributed so long as
the parent distributions are symmetrical. An example of this
is shown in Figure 10b where we generated the random
variables D; and E; from symmetric Pareto distributions and
generated the random variables ¢; and ¢, from symmetrical
exponential distributions.

[29] Next we examine the influence of asymmetry in the
distributions of D; and E; on the resulting distribution of bed
thickness while keeping the #, and ¢, distributions symmet-
rical. Interestingly, as the asymmetry of the D; to E; dis-
tributions increases, the resulting distribution of bed
thickness becomes increasingly weighted toward extremes
(approaches a power law in shape). An extreme example of
this finding is shown in Figure 10c where we generated
magnitudes of deposition, D;, from a Pareto distribution with
a tail index of 0.75 (very heavy-tail) while generating mag-
nitudes of erosion, E;, values from an exponential distribu-
tion with a scale parameter equal to 5 and the durations of
depositional and erosional events from exponential distribu-
tions with a scale parameter of 10. The result is a heavy-tailed
bed thickness distribution. We assert that this observation
represents an important clue as to why bed thickness dis-
tributions generated from heavy-tailed surface increments are
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often exponentially distributed. In systems with heavy-tailed
surface increments that have a symmetric distribution, the
heavy-tails from one side of the distribution (erosional
events) effectively cancel out the heavy-tails from the other
side of the distribution (depositional events), thus resulting in
a derived distribution that is thin-tailed. Alternatively,
increasing the asymmetry of the parent distribution reduces
the ability for large magnitude but infrequent erosional
increments to balance out large magnitude but infrequent
depositional increments, therefore leading to heavy-tailed
bed thickness distributions.

[30] In both the experimental data set and the stochastic
surface elevation models we find that the durations of
depositional and erosional events are well described by thin-
tailed distributions. We do not prescribe ¢; and ¢, in our 1D
stochastic surface elevation models, but rather they are
determined by our assumption of independence between
magnitudes of deposition and erosion 64,(f) (can be shown
theoretically to follow a negative Binomial distribution).
With this information in mind, we explore the implications
of asymmetry in the distributions of ¢, and ¢,. Similar to the
effect of increasing the asymmetry of the 6/4,(¢) distribution,
we find that as the asymmetry of #; to #, distributions
increases, the resulting distribution of bed thicknesses has
more weight in the extremes (approaches power law in
shape). An extreme example of this is shown in Figure 10d
where we sampled durations of depositional events, ¢;, from
a Pareto distribution with a tail index of 1.75 while sampling
the durations of erosional events, 7,, from an exponential
distribution with a scale parameter equal to 10 and magni-
tudes of deposition and erosion from symmetrical Pareto
distributions with a tail index of 1.5. In Table 1 we summa-
rize our observations on the link between symmetry in the
distributions that describe the surface dynamics and the
resulting shape of the bed thickness distribution.

[31] Finally, to test the accuracy of the approximation used
in equation (9) to describe the preserved bed thicknesses, we
generated random variables D;, E;, t;, and ¢, using distribu-
tions that described the surface evolution in the DB-03
experiment. We used Pareto distributions for D; and E; with
tail indexes a; and a; equal to 2.6 and 1.1, respectively and
exponential distributions for #; and ¢, with {¢;) = 2.6 min and
(¢,) = 2.2 min. The bed thicknesses calculated using these
parameters was found to be well approximated by an expo-

nential distribution, with <b§t> of 6.2 mm, slightly less than

the value we estimated for the DB-03 experiment
(Figure 10a). This agreement confirms the validity of our
stochastic simulations for the purpose of studying how the
interplay between depositional and erosional events gets
recorded in the preserved stratigraphy.

5.2. Mapping Surface Variability to Bed-Thickness
Statistics

[32] In Sections 3.2, 4 and 5.1, we presented data from
physical and numerical experiments that indicate that the
statistics describing the preserved bed thicknesses generally
do not record the signature of heavy-tailed surface evolu-
tion statistics. While information on the nature of the dis-
tribution’s tail (thin-tailed versus heavy-tailed) of surface
evolution events may be filtered from the stratigraphic
record, in this section we demonstrate variability of elevation
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Figure 10. Bed thickness distributions generated from individual bed thicknesses calculated using
equation 9. (a) PDF of bed thicknesses generated using equation 9 with input parameters for D;, E;, ¢,
and ¢, set to equal estimated parameters from DB-03 experiment. (b) PDF of bed thicknesses generated
from symmetric distributions of both D,/E; and ¢,/t.. Random values of D, and F; are described by a Pareto
distribution with tail-index of 1.5. Mean of combined distribution of depositional and erosional incre-
ments, 6A,(f) is 10. Random values of ¢, and ¢, are described by an exponential distribution with mean
of 10. (c) PDF of bed thicknesses generated from asymmetric distribution of D/E; and symmetric distri-
bution of #,/f,. Random values of D; are described by a Pareto distribution with tail-index of 0.75 while
values of E; are described by an exponential distribution with 1/\ = 5. Mean of combined distribution
of depositional and erosional increments, 64,(¢) is 10. Random values of ¢, and 7, are described by an expo-
nential distribution with 1/A of 10. (d) PDF of bed thicknesses generated from symmetric distribution of
D,/E; and asymmetric distribution of ¢,/f,. Random values of D; and E; are described by a Pareto distri-
bution with tail-index of 1.5. Mean of combined distribution of depositional and erosional increments,
Ohy(f) is 10. Random values of #; are described by a Pareto distribution with tail-index of 1.75 while
values of ¢, are described by an exponential distribution with yx of 10.

increments, 6h;, relative to the mean deposition, (8A;),
influences the mean of preserved bed thicknesses, (D). This
was demonstrated analytically by Paola and Borgman
[1991] for the case of zero net deposition and thin-tailed
elevation statistics; here we generalize that result. Specifi-
cally, we are interested in relating the variability and mean of
elevation increment distributions to the statistics describing
the preserved bed thicknesses. One common measure of a

distribution’s variability is the interquartile range, IOR,
which is equal to the difference between the third and first
quartiles of the distribution. To compare the spread of the
parent distribution to its mean we examine the nondimen-
sional interquartile range coefficient, s, :

_IQRs, F7(0.75) — Fy1(0.25)

sy, = 1)
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Table 1. Regime Matrix Illustrating Relationship Between Shape of D;, E;, t,, and ¢, Distributions and Resulting Dy, Distribution

Asymmetric D; and E; Distributions

Symmetric D; and
E; Distributions

Both Distributions
are Thin-Tailed

D; Distributions

Heavy-Tailed,

E; Distribution
Thin-Tailed

Both Distributions are
Heavy-Tailed

Symmetric ¢, and ¢, Distributions
Asymmetric #; and 7, distributions.
Both distributions are thin-tailed
Asymmetric 7, and ¢, distributions.
Both distributions are heavy-tailed
Asymmetric #, and ¢, distributions.
t; distributions heavy-tailed, ¢,
distribution thin-tailed.

Dy;: Thin-tailed
Dy,;: Thin-tailed

Dy,: Between thin
and heavy-tailed
Dy, Heavy-tailed

Dy;: Thin-tailed
Dy,: Thin-tailed

Dy Between thin
and heavy-tailed
Dy, Heavy-tailed

Dy;: Between thin and heavy-tailed Dy;: Heavy-tailed

Dy,: Between thin and heavy-tailed Dy,: Heavy-tailed
Dy Between thin and heavy-tailed Dy;: Heavy-tailed
Dy, Heavy-tailed Dy, Heavy-tailed

An additional metric that compares a distribution’s variabil-
ity to its mean is the coefficient of variation, CVy;,, defined
as:

{(oh <5hi>)2>1/2

CVy, =
bh; <6h1>

(11)

An advantage of the interquartile range over the coefficient of
variation is that the interquartile range of all thin-tailed and
heavy-tailed distributions formally exists, while the standard
deviation, o, does not formally exist for heavy-tailed dis-
tributions with a tail index less than 2. We note, though, that
for any finite sequence of random numbers generated from a
thin or heavy-tailed distribution, a standard deviation can
always be calculated. However, for thin-tailed random vari-
ables, the calculated standard deviation converges to a fixed
value with an increase in the sample size while, for heavy-
tailed random variables with tail index less than 2, the cal-
culated standard deviation diverges with increasing sample
size, casting uncertainty in inferences from finite size data
sets. With this in mind, we generated a sequence of synthetic
stratigraphic columns, as outlined in section 5.1, constructed
from elevation increments that span a range of values of the
non-dimensional interquartile range (®s;). For each con-
structed stratigraphic column we tracked the interquartile
range of the distribution of elevation increments, the mean of
the elevation increments (6%;), and the estimated mean of the
preserved bed thicknesses, (D), which fully characterizes
the distribution of bed thicknesses since they are well
described by an exponential distribution.

[33] Figure 1la shows how the non-dimensional bed
thickness (calculated by taking the ratio of the estimated
mean bed thickness to the background net depositional rate,
(Dg)/{6h;)) varies as a function of the non-dimensional
interquartile range of the distribution of elevation increments
(®s) for synthetic stratigraphic columns created by both
thin-tailed (exponential) and heavy-tailed (power law) ele-
vation increment distributions. Note that since both axes of
Figure 11a are non-dimensional, one can compare systems
of different absolute scale, but similar in their ratio of surface
variability to mean background deposition rate. Each data
point on Figure 11 represents the outcome of a single 1D
stochastic model of sedimentation as outlined in section 4.
Utilizing symmetrical distributions and user specified values
of the non-dimensional interquartile range of the distribution

of elevation increments, we constructed the preserved bed
thickness distributions from which we estimated the mean
preserved bed thickness, (D). For time series constructed
with up to 100,000 increments (the maximum time series
length generated in this analysis) we noted no difference in
the shape of the relationship between the non-dimensional
bed thickness and the non-dimensional interquartile range of
the distribution of elevation increments. Interestingly, we
found that the data from the DB-03 experiment nicely plot
on the curve computed from the 1D stochastic models. As
the coefficient of variation (CV) is a more commonly used
metric to compare a distribution’s variability to its mean we
also present a plot of the non-dimensional bed thickness
versus the coefficient of variation of the surface elevation
increments, while acknowledging that the coefficient of
variation would not formally exist for heavy-tailed distri-
bution of elevation increments (Figure 11b).

[34] As the non-dimensional interquartile range of the
distribution of elevation increments increases from a mini-
mum possible value of zero, the non-dimensional bed
thickness decreases until it reaches a global minimum of
approximately 7 at a value of @, ~1.4. Further increases in
the non-dimensional interquartile range of the distribution of
elevation increments result in an increase of the non-
dimensional bed thickness with the rate of increase charac-
terized by a slope equal to ~1.4. In summary, Figure 11
illustrates that a large value for the mean of a bed thick-
ness distribution relative to the background deposition rate
can result from either extremely low or extremely high var-
iability in elevation increments relative to the background
drift. On the left-hand side of this relationship in Figure 11
(®sn, < 1.4), increasing the variability of elevation incre-
ments, for a given background drift, decreases the mean bed
thickness in the resulting stratigraphic column. On this side
of the plot the variability of elevation increments is small
relative to the mean background drift, thus erosional events
are rare and the stratigraphic column is constructed from a
broad distribution of thick deposits. In other words,
increasing the surface variability tends to break thick
deposits into smaller units reducing thus the mean of the
preserved bed thicknesses. On the right-hand side of this
relationship in Figure 11 (®g, > 1.4) increasing the vari-
ability of elevation increments, for a given background drift,
increases the mean bed thickness in the resulting strati-
graphic column. On this side of the plot the variability of
elevation increments is large relative to the mean, thus most
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Figure 11 Model results documenting relationship between (a) Py, and (b) CVsy, for surface elevation

from exponential d1str1but10n with A = 1.0 are shown with black open circles, while 1D models with input
PDF of 6h,(f) generated from Pareto distribution with o = 1.75 are shown with gray crosses. Gray open
triangle indicates relationship between data from DB-03 experiment. Insert plots illustrate shape of Kol-
mogorov increments, 64.(f), and resulting bed thickness, Dg;, distributions for 1D models with 3 &g,
values. Distributions displayed in insert plots resulted from elevation increments, 84,(f) generated from

Pareto distributions with o« = 1.75.

sediment that is deposited is eventually removed by future
erosional events and the stratigraphic column is constructed
from sediment that is reworked by a broad distribution of
erosional events.

[35] Analysis of the Kolmogorov event, 6h.(¢), distribu-
tions provides additional insight into the processes
responsible for the shape of the relationship between the
non-dimensional interquartile range of the distribution of
elevation increments and the non-dimensional bed thickness.
All model runs for Figure 11 had symmetrical distributions
of elevation increments. Insert plots within Figure 11 define
the shape of the Kolmogorov event’s distributions for three
values of the non-dimensional interquartile range of the
distribution of elevation increments. For conditions where
®g;,, > 1.4 the resulting distribution of Kolmogorov events is
approximately symmetrical in form. As the value of non-
dimensional interquartile range of the distribution of eleva-
tion increments, ®s,, decreases below a value of 1.4, the
distribution of the Kolmogorov events becomes increasingly
asymmetric with more weight on the positive (D,) side of the
distribution than the negative end (E,) of the distribution.

[36] For all conditions analyzed, the mapping of elevation
increments to Kolmogorov events is associated with a sig-
nificant thinning of the tail of the distribution. This results in
depositional and erosional events (D, and E,) that are well
described by thin-tailed, exponential distributions. This
allows us to compare the estimated scale parameters of the
depositional and erosional events, i, and iz , respectively.

For conditions where ®5, < 1.4, we find that the estimated
mean of the depositional events is much larger than the
estimated mean of the erosional events (jip, > fij ) and thus
the distribution of the Kolmogorov events is asymmetric.
However, as the value of the non-dimensional interquartile
range of the distribution of elevation increments increases,
the difference between the estimated means of the deposi-
tional and erosional events decreases and as a result the
mean of the preserved bed thicknesses (ji, ) decreases. This
is summarized in the following scaling relationship:

fip, ~ fip, — fir, (12)
The decrease in the estimated mean of the preserved bed
thicknesses continues until the distributions of the deposi-
tional and erosional events are roughly symmetrical. At this
location, the 6h.(f) distribution can be approximated as a
Laplace distribution. We note that the interquartile range of a
Laplace distribution (see equation (7)) is equal to 25 In(2) or
approximately 1.4b, where b is the scale parameter of the
Laplace distribution. We observe that the global minimum in
the values of non-dimensional bed thickness occurs at a
value where the background net depositional rate ((64;)) is
equal to the scale parameter (b) of the best fit Laplace dis-
tribution of the Kolmogorov events suggesting that the fil-
tering of information contained within the tails of an
elevation increments distribution also strongly influences the
relationship shown in Figure 11. Above the value of ®g,
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~1.4 the Kolmogorov events’ distribution is well described
by a Laplace distribution (i.e., symmetrical distribution of
depositional and erosional events), and increasing the value
of the non-dimensional interquartile range of the distribution
of elevation increments results in an increase of the non-
dimensional bed thickness at a rate characterized by a slope
approximately equal to 1.4 (or approximately equal to 2In
(2)). In essence, for symmetrical elevation events, an
increase in the variability of elevation events always causes
an increase in the mean bed thickness, similar to the finding
by Paola and Borgman [1991].

[37] Finally, to test the sampling interval scale-depen-
dence of the trend observed in Figure 11, we generated
elevation time series as discussed above and calculated the
non-dimensional interquartile range of the distribution of the
elevation increments and the non-dimensional bed thickness
at the finest resolution. We then subsampled the elevation
time series, extracting every nth elevation measurement, and
recalculated the non-dimensional interquartile range of the
distribution of the elevation increments and the non-dimen-
sional bed thickness of the new subsampled elevation time
series. We find that the non-dimensional interquartile range
of the distribution of the elevation increments and the non-
dimensional bed thickness from the subsampled elevation
time series plots on the trend that was generated from the
elevation time series considered at the finest resolution. In
other words, we find that the relationship established in
Figure 11 is robust to changes in scales of measurement of
the surface elevation increments.

5.3. Implications for Stratigraphy

[38] Analysis of the DB-03 experimental data and thelD
stochastic models that generated synthetic stratigraphy sug-
gests a predictable relationship between the variability in
topography and the mean bed thickness of a stratigraphic
column. Environments with near-symmetric distributions of
elevation increments (both thin- and heavy-tailed), and near-
symmetric distributions of periods of depositional and ero-
sional events produce stratigraphic columns composed of
exponentially distributed beds. The fact that most reported
unconformity-bounded bed thickness distributions are
exponential suggests that field scale distributions of eleva-
tion increments and periods of depositional and erosional
events are in fact often symmetrical. While yet untested, the
relationship presented in Figure 11 might also aid in the
analysis and identification of paleo-environments. For
example, suppose for the sake of argument that, for a given
background deposition rate the appropriately scaled vari-
ability in surface evolution of braided rivers were greater
than in meandering rivers. Then the preserved bed thickness
distributions generated from braided rivers would plot more
toward the right-hand side of Figure 11 compared to bed
distributions resulting from meandering rivers. We believe
these questions pose an interesting line of investigation for
future experimental studies. Further questions which remain
to be addressed include 1) the relationship between the
Kolmogorov definition of beds, defined as strata deposited
between successive preserved erosional surfaces, and beds
defined in outcrops as strata bounded above and below by
distinct textural horizons. This might be achieved in con-
trolled laboratory experiments where time series of elevation
can be compared to spatially referenced images of preserved
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physical stratigraphy. 2) What is the relationship between
surface variability and resulting bed-thickness statistics for
systems with nested distributions of surface topography. For
instance, how do the PDFs of topographic fluctuations relate
to bed thicknesses in avulsive river systems with river
channel bottoms covered by depth-limited dunes?

[39] Finally, in our previous study on the statistics of
surface dynamics in depositional braided fluvial systems,
Ganti et al. [2011] found that several distributions associated
with surface dynamics follow truncated Pareto distributions.
They reported that the truncation scales for these distribu-
tions are set by the depths of channels constructing a pack-
age of sediment and the time scale of avulsion associated
with these channels. This finding also has implications for
the conversion of elevation increments to stratigraphic beds
thickness. The truncation at a scale associated with the
roughness of the surface topography essentially makes the
tails of the distribution of elevation increments thinner than
the case where the distribution is not truncated. As a result,
the distributions of the Kolmogorov events and the pre-
served bed thickness that result from a truncated parent
distribution will have tails that exhibit faster decay (lesser
weight in extremes) than distributions arising from non-
truncated parent distributions, adding to the prevalence of
exponential-like bed thickness distributions in the strati-
graphic record.

[40] All in all, then, we see two broad categories of bed
creation in the stratigraphic record. The first, which we
believe is the most common, involves reworking of the
surface by a combination of upward and downward incre-
ments (deposition and erosion, or “cut-and-fill”’). We have
shown here that this case is expected to produce exponential-
type (thin-tailed) bed thickness distributions regardless of
whether the distributions of the associated sediment surface
dynamics are thin- or heavy-tailed. The second case is that in
which there is strong asymmetry between deposition and
erosion. This could mean that the depositional events are
heavy-tailed and the erosional events thin-tailed, for which
we are not aware of any field examples; or more simply that
the erosional events are absent or negligible, for example at
the distal end of the depositional system. With no erosional
modification, the beds are then a faithful record of the events
that produced them. This is the case studied, for example, by
Rothman et al. [1994], and here if the events have a heavy-
tailed distribution then so will the deposits.

6. Conclusions

[41] Following a previous study by the authors [Ganti
et al., 2011], this paper presents an extensive analysis of
experimental and stochastically generated surface morphol-
ogy to quantitatively examine the relation between surface
elevation evolution and the resulting stratigraphy. The main
results are summarized as follows:

[42] 1. Thin-tailed (e.g., exponential) bed thickness dis-
tributions result from heavy-tailed surface evolution statis-
tics, as evidenced from both the laboratory experimental data
and numerical simulations. We showed that this thinning of
the tail of the distribution occurs in environments where the
distributions of the surface elevation increments and periods
of depositional and erosional events (¢, and #,) have positive
means and are symmetric in shape.
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[43] 2. Asymmetry in parent topographic PDFs results in
bed thickness distributions that carry some of the heavy-
tailed statistics present in their parent distributions. Trun-
cation of the parent distribution tails due to depositional
processes further reduces the chance of occurrence of
extremes in preserved bed thicknesses compared to their
parent distributions. The implication of this result adds to the
prevalence of exponential bed thicknesses as heavy-tailed
distributions in nature are often truncated at some scale.

[44] 3. The interquartile range (difference between the
75th and 25th quartiles) of the surface elevation increments
can serve as a predictor of mean bed thickness of the strati-
graphic deposit. This relationship holds for both thin and
heavy-tailed surface statistics and demonstrates that infor-
mation related to the variability of surface fluctuations is
stored in the stratigraphic record.

Notation

b scale parameter of Laplace distribution.
CV coefficient of variation.
CVsp, coefficient of variation of elevation increments.
D, magnitude of depositional events.
D, positive elevation increments, 6A(¢) > 0.
Dy, thickness of stratigraphic deposits.
5 thickness of stratigraphic deposits constructed from
elevation time series.
estimated thickness of stratigraphic deposits from
summation of consecutive depositional and erosional
events.
. thickness of stratigraphic deposits measured from
physical stratigraphy.
E, magnitude of erosional events.
E; negative elevation increments, 8A(f) < 0.
elevation time series of experimental data.
Interquartile range.
K. Kolmogorov coefficient.
¢t time.
t; durations of depositional events.
t, durations of erosional events.
t,; time interval demarcating the boundaries of the
deposit Dy,.
& tail index of truncated Pareto distribution for D;.
¢, tail index of truncated Pareto distribution for E;.

1 tail index of truncated Pareto distribution for D.,.
5 tail index of truncated Pareto distribution for E..
elevation increments in time.
Kolmogorov events.
® Nondimensional interquartile range.
», Nondimensional interquartile range of elevation
increments.

~ lower bound of truncated Pareto distribution.

A rate parameter of Exponential distribution.
)\, rate parameter of fitted Exponential distribution to ¢,.
)\, rate parameter of fitted Exponential distribution to ¢,.
¢ mean of Laplace distribution and double Pareto
distribution.
scale parameter of fitted exponential distribution to
D..
scale parameter of fitted exponential distribution to
Dy,
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ftg, scale parameter of fitted exponential distribution to

"
o standard deviation of elevation increments.
v upper bound of truncated Pareto distribution.
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